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M (k) = ∇2f(x(k))
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σ(X ,x) dx
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σ(X,x).n(X ,x) = −σ(X,x + V ).n(X ,x + V ) ∀ x ∈ ∂V
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∂Ω = ∂ΩF ∪ ∂ΩU w}
∂ΩF ∩ ∂ΩU = Á 
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fmini ≤ fi ≤ fmaxi
Fmini ≤ Fi ≤ F maxi
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σ + f = 0
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ε = εe + εp






















Ł(x'xTw|Ł){-| { 4 &yﬀ}!w




















(σ − σs) : ε˙p > 0 ﬁ! 
Ł(º
σs
w!}'{ﬂn|}8 }T~w2Ł&ﬂ}!8 y'ﬂh}w ~w28|{!yﬀ}|

w!} UZÄ&UY~yﬀw{ﬂ;|}8 } ~wŁ&ﬂ}!8 y'ﬂ}wBﬂl yﬀx'&zﬀy*)h{41ﬂ}
 {-{ﬂ¾841ﬂwxTwﬃﬂ}~wzd|}8 }~w ~|Ł(!x }!y*Ł&ﬂ-&z(!}!y*)h{-w'(Ły*|
¸ wﬃﬂ ~6Å {}!wxTŁ(}

w}'|}8 }Q~w
Ł&ﬂ}!8 y'ﬂ}wPw!}H}!!y*}wxTwﬃﬂ}=y'ﬂ-zﬀ{-~-1ﬂ-Sz*w+~Ł(x y'ﬂ-w~6|z(}!y*yﬀ}|~wSx }|!y {¶6
%
ﬂ0| z*wxTwﬃﬂ}l¸
(σ − σa) : ε˙p ≥ 0  [#"
Ł(º
σa








¸Kw}'{ﬂ»|}8 }T~wŁ&ﬂ}!8 y'ﬂ}w)h{yF&@w{}T~Ł&ﬂ-w }!Ł({w{
z Ł&ﬂ}!y*Àw ~{u~Ł(x y'ﬂ-w ~6|z(!}!y*yﬀ}|







































	@B 		Y	½=# ﬁ/ (8 ﬃ	 ¹ﬃ	 ¹" 8
8w{yﬀzq~wP&z(!}!y*yﬀ}|

~|2ﬂy*w/&4 H{ﬂ-wPŁ&ﬂ-}!y*Ł&ﬂ F }wzﬀz*w){-w F(σ) = 0  w!}.Ł(|xTwﬃﬂ}UŁ&ﬂw¶w
, Q&Ł(&!y*|}|+!{yﬀ(1ﬂh}wPw!}S| z*wxTwﬃﬂ}SŁ&ﬂ-~- xTwﬃﬂ}8 z*wÄzdw¶&w!y*Ł&ﬂ2w¶&zﬀy*yﬀ}wU~wS~|Ł(!x }!y*Ł&ﬂ-S&z( U
}!y*)h{-wl¸&@Ł({T}Ł({}'}8 {¶ ~wŁ&ﬂ}!8 y'ﬂ}w
σ˙













































(Ły*|w/ {¦-Ł(y¶¦~wŁ&ﬂ-!y*~|w)h{-w F(σ) = 0 ~|2ﬂyﬀ}z*w/~Ł(x y'ﬂ-w~6|z( U
}!y*yﬀ}|




























 λ = 0
!y F(σ) < 0 Ł({¦!y
(






































wﬃﬂ &|y*1ﬂ}+zdŁ(!yﬀy'ﬂ-waUw!}+wﬃﬂ ¹ y'ﬂh}|w81ﬂ}QÄzd {ﬂy*yﬀ}|'~wQzŁ(zﬀ{}!y*Ł&ﬂ¿wﬃﬂ
σ
Ł({-P{ﬂ 4 !wxTwﬃﬂh}
2ﬂ4 zM~Ł&ﬂﬂ-|=)h{-w.zdŁ&ﬂŁ(x'&wﬃﬂ-~'zd y'ﬂ}| }F~wÃŁ&ﬂh}!8 y'ﬂ}wÂ|!y*~{-wzﬀz*w¹
%
ﬂ#ﬂ-w.&|}wﬃﬂ-~&4(ﬂ~Ł&ﬂﬂ-wﬂ{ﬂ-w
~|xTŁ&ﬂ-}!8 }!y*Ł&ﬂe!yﬀŁ({w{-8w~wTzYﬂ-|w!yﬀ}|T~6 y'ﬂh}!Łh~{yﬀw wBŁ&ﬂ}!8 y'ﬂ}w

x y*Q!yﬀx'&z*wxTwﬃﬂh}Q~Ł&ﬂﬂ-w









































&!y'ﬂ-yﬀ&@w ~w}!8¹( {¶;yﬀ!}!{-wz* dh

Ä






Ä{ﬂ¾4 x'& ~wŁ&ﬂ}!8 y'ﬂ}w|y*~{-wzﬀz*wB&À

w){y.(-Àw
z2~|xTŁ&ﬂ-!}!8 }!y*Ł&ﬂ ~6 {ﬂy*yﬀ}|"ﬂ-wT(ÆŁ&ﬂ½~ww&|wﬃﬂ}wT z*Ł(Qw}!}wT{ﬂy*yﬀ}|

w!}B~w&4 !}!yﬀ}!y*Ł&ﬂﬂ-wBz*w






 {¶ Ł(zﬀzﬀy*yﬀ}8 }!y*Ł&ﬂ-'yﬀx'&@Ł|w
















w!}Uz*wQ4 x'& ~wŁ&ﬂ}!8 y'ﬂ}w){y &&4 8*}!8 yﬀ}/~-1ﬂ-z*wBx'yﬀzﬀy*w{ ¹ yﬀzwŁ(x'&@Ł(!}8 yﬀ}+&{wxTwﬃﬂ}
|z(!}!y*){-wxTwﬃﬂh}{ﬂ-wTŁ(y*B8Ł({x'y*Q {¶¿xAxTwŁ(zﬀzﬀy*yﬀ}8 }!y*Ł&ﬂ-)h{-wz*wx'yﬀzﬀy*w{ |wzdaFwy\ﬂ-|w8!yﬀ}w ~Ł&ﬂ-


























































)h{yq &&4 8*}!8 yﬀ}P~-1ﬂ-Sz*wPx'yﬀzﬀy*w{0~wP||wﬃﬂ-w
Ω(e)
¸
ε(e) = S : σ(e) = e
0&-Q^
su












u = u(e) + ur
¸
ε(r) + εp = e
0-Q^
su
r  [ ﬀ 
Ł(º/¸







































aUw} ~Ł&ﬂ-ÂzÄSzdŁ(!yﬀy'ﬂ-wFw}qzd y'ﬂ}| }x



















Ł&ﬂ¦&|wﬃﬂ}wx y'ﬂ}wﬃﬂ41ﬂ}Pwﬃﬂ¦~|}8 yﬀzlz*wŁ(x'&Ł( U
}wxTwﬃﬂh}+~6 {ﬂ-w!}!!{-}!{wBŁ&ﬂ-!}!yﬀ}!{-|wB~wx }|!y {¶¦|z(!}!y*)h{-w=&4 d yﬀ}wxTwﬃﬂ}P&z(!}!y*)h{-w=w}UŁ({x'y*wBÄ
















 #! ﬀ 







VVhWWYX , b-tSvqoÂr]¾tF^ﬂj]4mu]4o p¦bM\di6rps`#^ﬂ]
hy+z*w 4 !wxTwﬃﬂh}¦yﬀx'&@Ł| w!}w !{8 x'xTwﬃﬂh}d yﬀz*w

~w (ÆŁ&ﬂ Ä¾w )h{-w z¾Ł&ﬂ}!8 y'ﬂh}w w{yﬀz
~6|z(}!y*yﬀ}|Yﬂ-w2Ł(yﬀ} ~|&4(|wwﬃﬂn {-{ﬂn&Ł(y'ﬂh}~wz !}!!{-}!{w

 z*Ł(Tz*wTw{z*w~|Ł(!x }!y*Ł&ﬂ-){y











































	j ¹¹  	 MÂ   @ # ﬁ/ (  ﬃ	 ¹ﬃ	 ¹"    ﬁ M		 	 M.	!ﬃ	
 8#
ﬂ-w¦&@w{wﬃﬂ}~Ł&ﬂ- &4( ~|&4(wz¿zﬀyﬀx'yﬀ}w ~6|z(!}!y*yﬀ}|aFwyUyﬀx'&zﬀy*){-w ~Ł&ﬂ- )h{-w¦z*wŁ(zﬀzﬀy*yﬀ}8 }!y*Ł&ﬂ-
w¶}|!y*w{w

Ä¿zdŁ(!yﬀy'ﬂ-w ~w wŁ&ﬂ}!8 y'ﬂ}w2&Ł&ﬂ-}!{-wzﬀz*w

ﬂ-w¦&w{wﬃﬂh}&4(nﬂ-Ł&ﬂu&zﬀ{- ~|&4(8w {ﬂ-w
w!}8 y'ﬂ-w zﬀyﬀx'yﬀ}w bPw  yﬀ}














&4 8 8 &-w2! dc

 z*Ł('z ¹ &4(yﬀ}|2~w








∃ y ∈ Ω, lim
t→∞ ε˙
p 6= 0 w} lim
t→∞ ρ˙ 6= 0
8dc  






























VVWW°_ 23Hvqo ﬂj]4mu]4mu]4o p sYoÂfjb4mu]4o pi@\UtÂij i6ff^Ãm»^Â\dipsdvqo Ã]Pﬂbvljhmnipsdv oÃr0tÂ\di6r
ps8#^Ã]4r












 x y*S }!}wy'ﬂ}



























































 b+1ﬂ- w0¹( Ł(x'xTw ~-1ﬂ-
z*w ¹( &||~wﬃﬂh}















wﬃﬂ-Ł(wB( zﬀy*~w,q!}!!{-}!{w z*Ł(Ł(x'&w~{2d yﬀ}~wBz'&z(!}!y*yﬀ}| zﬀ}w-ﬂ-|w

!{yﬀ}wQÄ




































   $h 0*+  @ﬁ/  j@ 
	@B 		Y	 
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σ : ε˙p dt = w(y)
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J˙(t) < 0 ∀ t ≥ 0
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σ(y,t) : ˙ˆεp(y,t) dV dt,
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σd(x) = σ(x)− 1
3

























































































σ = d1 : ε
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(f ,F ,U)(f ,F ,U) (Σ,E)





















































































































Σ = ( Σ11, Σ22, Σ33, Σ12, Σ23, Σ13 )
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P
2 = ( Σ11 6= 0, E11 6= 0, Σ33 = 0, Σ12 = 0, Σ23 = 0, Σ13 = 0 ) ½1ÔIÔ6ÔF  Á
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1 = ( Σ11 6= 0, Σ22 = 0, Σ33 = 0, Σ12 = 0, Σ23 = 0, Σ13 = 0 )
P
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P : t ∈
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σ(x,t) = σ(e)(x,t) + ρ¯(x) ∈ F (x) ∀ x ∈ V  ∀ P(t) ∈ D, ∀t ½1Ô6Ô6Ô?:¾B¾ﬂÁ
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∂H ∪ ∂Vsup ∪ ∂Vinf

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PROBLEME DIT "CLASSIQUE"
(Cellule de base 3D sans trou ni fissure)
PROBLEME GENERALISE





(Cellule de base 3D trouée, chargement plan)
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α σ(e)(x,P(t)) + ρ¯(x), σ0(x)
)
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µ σ(e)(x, P(t)) + ˆ¯ρ(x)
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P : t ∈ [0,T ] 7→ P(t) ∈ D /<V¹K ! Å
∫ T
0
ε˙p(x,t) dt = ﬀC


su(x) ∀ x ∈ V
  ε˙p(x,t) = 0 ∀ x ∈ V  ∀ t
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ε˙p(x,t) dt = ﬀC
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  ε˙p(x,t) = 0 ∀ x ∈ V  ∀t ½1ÔIÔ6ÔF Ú ¾  Á
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up  r : x3 ∈ [ 0; e ] 7→ up  r(x3)
ε : x3 ∈ [ 0; e ] 7→ ε(x3)
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E11, E22, E33 + u
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3,3 (x3), 2E12, 2E23 + u
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1 0 0 0
0 0 0 di3 0 0
0 0 0 0 di3 0
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P(tj) = Pj j = 1..2







































− 2E012 = 0
P2 = µ
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σ(x3,tj) ≡ σi(Pj) 3 j = 1..2n Zl3 i = 1,2
σ(e)(x3,tj) ≡ σ(e)i(Pj) l3 j = 1..2n Z3 i = 1,2
ε˙p(x3,tj) ≡ ε˙pi(Pj) l3 j = 1..2n (l3 i = 1,2





























































f : t ∈   7→ f(t)


































































































































































































































2E12 6= 0, 936 σ(e)i =
(





















6	O/;  b 	]+ 2 	    	 
 <	 
























































































































  C<9 ! W½1Ô6Ô6Ô?   ÁS936  J
b ! <I 3::9%9M¸°´ﬀ¸b"9%2W<JL3<9]Gb²3J#I<9 ! Å
ρik3,3 = 0 ∀ i = 1,2
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ρ1k3(0) = ρ
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E01 = (0, 0, 0, 0, 0, 2E13)
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+ 2E12 ∀i = 1,2 ½1Ô6Ô6Ô?  BÚ /Á
  ε˙p
i
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P(tj) = Pj j = 1..2
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− Σ012 = 0
P2 = µ
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up T r,e(x) =
NNOE∑
k=1

























1(x) 0 0 ... NNNOE(x) 0 0
0 N1(x) 0 ... 0 NNNOE(x) 0
0 0 N1(x) ... 0 0 NNNOE(x)



























up T r,1, up T r,2, ..., up T r,NNOE












































































































































































































1 0 0 −x3 0 0
0 1 0 0 −x3 0
0 0 0 0 0 0
0 0 1 0 0 −x3
0 0 0 0 0 0
















































1 0 0 0
0 0 0 de3 0 0
0 0 0 0 de3 0
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f(x)dx1 dx2 dx3 =
∫
r
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δεp T r,(e) + δE
)









δεp T r,(e) + δE
)







∀ δup T r,(e) ]0`_lcVmcu3g~[&dlgﬃ_ ∂V k[q=u3g~[ δεp T r,(e) =  j b
o s δup T r,(e),
∀ δE i~VYX\VYn~[dgﬃ_ V,∫
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εp T r,(e) + E
)































∀ δup T r,(e), −
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E − x3K + εp T r,(e)
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εp T r,(e),e + E
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]{ up T r,(e),e
E
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up T r,A − up T r,A′ = 0
up T r,B − up T r,B′ = 0
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VY_d @± ∀ δup T r1 ,δup T r2 ,δup T r3 ,δE
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∀ δup T r ]%`_lcV3mcu3g~[&dlgﬃ_ ∂V k[quog~[ δεp T r =  j.b
o s δup T r,
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δεp T r + δE
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DOMAINE INITIAL DE CHARGEMENTS
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POINT DE DEPART 
DE L’ALGORITHME
POINT DE DEPART 
DE L’ALGORITHME
Domaine de variations du chargement
Géométrie et maillage de V
Pour chaque constituant de V : 
Relations de périodicité sur 
Chargement en moyenne :
Coefficient de charge élastique :
LANCELOT
Fonction objectif :




































PLAS.SIF : fichier LANCELOT
Contraintes d’inégalités :
Variable d’optimisation :












ELAS.SIF : fichier LANCELOT


















Coefficients de charge plastiques :
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OP t@P u¶´=]De8d~ZpdF e0\~Zpf0iR_c^e~ZpWDZ;\~7bSWD;X;Z¤Q2ofX2WDaTb@d~aR^e0Z·PpPnPnPnPpPnPnPpPnPnPnPoPnPnPnPpPqQscu





































:}1^aIM=74D15P]79156_Ar7Z¦>\GfE]154ED (E11 = 0, E22 = 0, E33 = 0, 2E12 6= 0, 2E23 = 0, 2E13 = 0),
F
231ZﬁJ5Z[1?t¦2J<O6VESY1¬:D<HE¬GG n = 2 tcKe:I457B4e1KHGH67BZ¦>\GfE]1Sy1l:DGHM>dSy1 (Σ11,Σ22)
HcE57kmH6_7 1aIM81Seq GH6

































































































































































































































e1 = 0.1 Û)Û e2 = 0.3 Û)Û
Ë¨Ì>ÍÌ>ÎÏÐÍÑÓÒºÏÑÕÔ/Ö/×Ò¨Ú¤ÐÎÌﬂÜ1ÑÓÔÖ/×Ò
EY,1 = 210000 ÝiÞß EY,2 = 120000 ÝiÞ+ß
ν1 = 0.3 ν2 = 0.27
σ10 = 180 ÝiÞ+ß σ
2
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































µ− 2E012 ≤ 2E12 ≤ µ+ 2E012
























































































































































































































0 ≤ 2E12 ≤ 9.7765 ∗ 10−4






























0 ≤ 2E12 ≤ 1.95529 ∗ 10−3
























































































































































































































































































































































































































































































































E− SIC/LANCELOT− 1PC 1z} Ł z}|zdz w ﬁ/~!gzzi Ł ~
r@P,+o\ Y[Z;}cklZ2\@]d0_S\~Y\0bS][WDZn;_SY"d~Zp`x8_$WD}cZ;klZ2\@]e~\0aRd~aTklZ;\~Y[aTbc\0\~Z;iﬃP
4PcvyZy]DZ2WDklZ)Z;Y]G]DbSe.-bSe~WDY f~WDZ;\0d4WDZ_6e









































E − SIC/LANCELOT − 4PC
E  − LPNLP − 1PC



















































































































































































































































































































































































































































































































































































36◦ ≤ r δ ≤ 172.8◦  w i uxŁ |~{}~!| Ł



































































































































































































































































































































































































































































































































































































Σ 11/ σ 0
1
AL − SIC/LANCELOT
AL − Analytique − El Omri






























































































































































































































Σ 11/ σ 0
1








































































































41.4◦ ≤ r δ ≤ 176.4◦  w i uxŁ |~{}~!| Ł
























































































































Σ 11/ σ 0
1












































































































































W`_6f0fZ;iTiTZvö!ø¢bca{W 28}ce4WDZ GP u÷^e0Z]Dbce4])][W`_ -Z]d4Z"`x8_$WD}cZ;klZ2\@]DY;¼¢^e0Z;iT;bS\8^e0Zniﬃ aT\@]DXWDaRZ2e~Wyd~eld4bck|_SaT\~Zd X;iR_SY]DaT;a{]DXc¼
f4WDbcfb6W[]DaRbS\0\~Z;ioZ;\^][WDZﬁiﬃ Z;\>ø¢Z;iTbcf~fZﬁdF X;iR_SY]DaT;a{]DX£Z2]giTZ£d~bSk|_SaT\0Zﬁd _S\8_6i{~Y[ZﬁiTaTkla{]DZ£Z]gd4bc\^]BiTZ£f4WDbciTbc\~}cZ;klZ2\@]Bf0_SY[Y[Z£f8_6W









































































































































Σ 11/ σ 0
1















Σ 11/ σ 0
1
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































h = 0.1 Û)Û 2r
d









































































































































































































































































































































































.x + up 1 r,(e)
)


































 b;4 ρ = 0
g/g
V ∗1/8
ρ.n− (n.ρ.n) .n = 0 
∂V
1/8
lat ∪ ∂V 1/8moy
ρ.n = 0

∂H1/8 ∪ ∂V 1/8sup
























































































Σ 11/ σ 
0
AD − Calculs directs − SIC/LANCELOT













Σ 11/ σ 
0
AL − Calculs directs − SIC/LANCELOT
AL − Calculs incrémentaux − Contraintes planes 
AL − Calculs incrémentaux − SIC




























































































































































































































































































Σ 11/ σ 
0
E − SIC / LANCELOT
AD − SIC / LANCELOT
AD − Calculs incrémentaux
AL − SIC / LANCELOT



































































































































































































































































































































































































e = d = 2 Û)Û
Ë¨Ì>ÍÌ>ÎÏÐÍÑÓÒºÏÑÕÔ/Ö/×Ò¨Ú¤ÐÎÌﬂÜ1ÑÓÔÖ/×Ò


















































































































































































































































































E − SIC/LANCELOT − 4 H20
E − SIC/LANCELOT − 6 H20
E − Analytique 
AD − SIC/LANCELOT − 4 H20
AD − SIC/LANCELOT − 6 H20
AL − SIC/LANCELOT
AL − SIC/LANCELOT






































































































































































































































− 1 = 0 È=¡k ­  9É
«­¬
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%ß e = 2 Û)Û a = 0.15 Û)Û
Ë¨Ì>ÍÌ>ÎÏ¢ÐÍÑÓÒºÏÑÕÔ/Ö/×Ò¨Ú¤ÐÎÌﬂÜ1ÑÕÔÖ/×Ò



































































































































































































































































E − SIC/LANCELOT 
E − Analytique 

















































|g-~z  10}Lz 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σ(e) = d :
(
E − x3K + ε(e)(up 1 r,(e))
)





Ei3 = E12 = Ki3 = K12 = 0 i = 1,2,3
σ(e).n− (n.σ(e).n) .n = 0  ∂V 1/4lat
σ(e).n = 0



























ρ.n− (n.ρ.n) .n = 0  ∂V 1/4lat
ρ.n = 0

∂H1/4 ∪ ∂V 1/4sup ∪ ∂V 1/4inf
〈ρ11〉V 1/4 = 〈ρ22〉V 1/4 = 0



















































































































































































E − SIC/LANCELOT 







Dﬂ§i6_Pf15SYG?>J>V12q K5SY<fEIAC7C:I7CAnK?t   §



























































































































































































EY,M = 210000 ÝiÞ+ß EY,I = 500000 ÝiÞ+ß
νM = 0.3 νI = 0.27
σM0 = 180 ÝiÞ+ß σ
I






































































































































































































































































































 ;4 σ(e) = 0
g/g
V 1/8





.x + up 1 r,(e))








= 0 i 6= j (i,j) ∈ (1,2,3)2





















 ;4 ρ = 0
g/g
V 1/8
ρ.n− (n.ρ.n) .n = 0  ∂V 1/8
〈ρ11〉V 1/8 = 〈ρ22〉V 1/8 = 0
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 (k 
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